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Forces on Convex Bodies in Free Molecular Flow

J.Pike*
Royal Aircraft Establishment, Farnborough, Hants, United Kingdom

In this paper general expressions are derived for the aerodynamic forces on a body when the momentum
transferred to the surface depends on the local surface inclination only. Applied to free molecular flow con-
ditions, an added advantage of the technique is to separate the derivation of the forces from the uncertain
physics of the gas-surface interaction. The general expressions obtained for the forces contain constants of in-
tegration which are determined by reference to the particular body shape. As an example, these constants are
evaluated for any axisymmetric segment, and the expressions are used to find the drag of slowly tumbling
axisymmetric bodies for a range of conditions, including typical Earth satellite conditions.

I. Introduction

IN a previous paper1 it has been shown that if the pres-
sure on the surface of a body is given by Newtonian theory

(i.e. C^acos2^), general analytic expressions for the forces on
the body can be obtained as solutions to Poisson's equation.
In this paper similar solutions are obtained when the stream-
wise and transverse momentum transfer at the surface is given
by

N (1)

(2)

where 6 is the surface inclination angle as shown in Fig. 1, p is
a positive integer or zero, and Np and Tp are constants.!

The analysis is applied, in particular, to finding the forces
on convex bodies in free molecular flow. In this application,
the preferred direction v is in the stream or flow direction, and
it is anticipated that this would normally be so. It should be
noted however, that the theory is applicable to cases where the
direction of v is not stream wise. For example, in finding the
forces due to radiation pressure from the Sun, v would need to
be aligned with the Sun's rays.

In free molecular flow the momentum incident on a surface
element is given by2'3

2s
1

2s2

exp(-<72)}

)a(74-erf a)

Mt =pF2dS sin 6(1 + erf a) 14s2

(3)

(4)

where V is the mass velocity of the gas, s is the ratio of K to
the most probable molecular speed, and o=s cos 6. For s = 1
and 6, MV/M0 and Mt/M0 are shown in Fig. 2, where M0 is
defined as the momentum flux through an area dS normal to
the stream, i.e.

M0 =

1/2 exp (-s2)}
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tRecently the Eqs. for axisymmetric bodies given in my early

paper8 have been generalized in a similar manner to that used here, by
A. I. Bunimovich.9 As he correctly states, the expression for CL in
my 1969 paper is in error. The final index in Eq. (5) for CL should be
2 and not 3.

To represent the Mv and Mt of Eqs. (3) and (4) by Eqs. (1)
and (2), appropriate values have to be assigned toNp and Tp.
For example, when 5= 1 it is sufficient to specify on\yN0-N2
and Tj-T3 as 0.2M0, 0.5M0, 0.3M?, 0.17M0, 0.17M0 and
-0.05M0 respectively/For s = 6, using N0-N2 only gives
errors in Mv of up to 0.07M0. This error is unacceptable, as

Fig. 1 Stream wise
(v), normal (/i), and
transverse (t) vectors
at the surface.

Fig. 2 Stream wise
and transverse
momentum of in-
cident molecules.
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Fig. 3 Drag of a flat
plate.
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can be seen (Fig. 3) by calculating the simple but critical case
of the drag of a flat plate at incidence. To improve the
estimate for 5 = 6, either more terms can be included in the
series for MU9 or more simply since nearly all the contribution
to the forces comes from the front surface of the body, the
region of integration can be restricted to cosd>Q. For this lat-
ter case putting Nj=M0 gives the much improved ap-
proximation also shown in Fig. 3. This approximation is used
in Sec. IV.

For the reflected molecules, simple models such as the
specular-diffuse approximation are generally inadequate to
describe the reflection processes3 and more realistic models
are required. It is suggested in Ref. 3 that a better represen-
tation is given by series in cos pd and sin6cos/?6, which it can
easily be shown transform exactly into Eqs. (1) and (2). Thus
theoretical coefficients derived in Ref. 3 are of direct ap-
plication here. However, with the existing incomplete state of
the theory, it is preferable to derive the coefficients from
reliable experimental data if available. In Fig. 4 some recent
experimental data4 for MV/M0 is shown. Also shown are
curves passing close to the data for which N0-N3 have values
0, 0.2 M09 -0.2 M0, and -0.2 M0 respectively for 5eVincident
energy, and 0, 0.36 M0, - 0.777 M0, and 0.392 M0 for 200 e V
incident energy. The total momentum transfer at the surface
is obtained by subtracting the coefficients of Np and Tp for
the reflected molecules from the incident molecules.

In this paper the derivation of values for Np and Tp is not
of primary concern, for the expressions for the forces are
derived with these as parameters and the forces may be
evaluated using the most accurate values available at the time.

II. General Expressions for the
Forces on Convex Bodies

The force on a body due to momentum transfer at the sur-
face is given by

F= { (Mvv-Mt t) dS
Js

(5)

where S is the surface area of the body and t is the unit
transverse vector shown in Fig. 1 to be given by

t=n cosec b+v cot 6 (6)
with cos 5= — v-n. The drag, lift, and side force are defined
as the components of force along with axes v,l, and s, whence
from Eqs. (1,2, 5 and 6)

D=F-v= \ MvdS= D Np Dp
v S

where

L=F-l= \ Mtcosecd(n-l)dS =
Js

(7)

(8)

(9)

where

and

where

1 (l-n)dS

Si=F-s=\ Af,cosec6(/i-s)dS=
J S

1 (s-n)dS

(10)

(11)

(12)

We show that the integrals Lp and Sp can be expressed in
terms of Dp, and thus the determination of the forces on a
body for a range of incidence (a) and yaw (^) can be
reduced simply to determining the values ofDp.

To. find the relationships between Lp, Sp, and Dp, define
body axes ( e j t e2, €3) as shown in Fig. 5, which are related to
the wind axes by

(13)

(14)

(15)

(16)

(17)

1= —

s=eIcosa sin^+^sina sin\I/ + e 3cos\l/

Differentiating Eq. (8) with respect to a, gives

\ (v
J 5

Similarly

giving Lp and Sp in terms of Dp as required.
Turning now to the determination of Dp , we note first that

DQ and Dl are given by

(18)

(19)

Dn= dS = l

1 = - (vn)dS=A,

where Ap is the projected area of the body surface in the flow
direction, which is zero if the surface is "complete" or
"closed." For p> 1 it can be shown by substitution that Dp
satisfies

(20)=p(p-l)Dp_2
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Fig. 4 Ratio of reflected streamwise momentum to incident momen-
tum. Fig. 5 Angles of incidence ( a ) and yaw
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When p = 3 this equation is similar to that derived for the
forces in Newtonian theory.5 The equation is a degenerate
form of Poisson's equation1 whose solution can be expressed6

as the sum of a complementary function Fp and a particular
integral Ip where

and for/? odd

FP= (21)

with Pq
p an Associated Legendre Function of the first kind and

72,13,14 particular integrals of

6D2 =2S (22)

= 6AP (23)

= 12D2 (24)

Several solutions to Eq. (23) are presented in Ref. 1.
Generalizing one of these solutions, we find that if Dp_2 is of
the form

Dp_2=[p(p + l)-

(25)

where a, b, and c are constants, then the value of Ip is given
from Eq. (20) by

(26)

Of particular interest is the case b = c for this includes all
the terms in the complementary function. Thus by successive
use of this solution we find

D2=F2+I2(S)

D3=F3+I3(AP)

D4=F4 + 6F2/7+I4(S)

and in general
p/2-l

DP= £
pl(p-r)\(2p-4r+l)lFp_2r

(p-2r)l(p-2r)l(2p-2r+l)[rl

(27)

(28)

(29)

(30)

(31)

As the value of Fp is defined by Eq. (21), it remains to find the
values of Ip9 which for p even depend on S and for p odd
depend on Ap. In many cases S and Ap can conveniently be
expanded as a series in the orthogonal functions sincaPj,
when successive use of the general solution of Eq. (25) defines
the particular integral for all/?.

In general, the region of body surface 5 for which the forces
are to be evaluated will be the whole body surface or a fixed
portion of it (e.g., the body surface minus the base region).
For a fixed surface region we have immediately

and
= constant (32)

cosi/' + B cosa cos^ + C sin\l/ (33)

where A, B and C are constants representing the projected
area of S in the directions e ] 3 e2, and e3, respectively, (e.g.,
the plan, base, and side areas). Then, from Eqs. (22-24) and
similar equations for/?>4, by using the general solution of
Eqs. (25) and (26), we find for/7 even

(34)

Ip=3AJ(p + 2) (35)

Thus, for bodies with S a constant region, Eqs. (7, 9, 11, 16,
17, 21, and 31-35) give complete analytic solutions for the
forces, where the particular body shape is identified by the
constants of integration which occur in Eq. (21) for Fp. The
expressions for D0(a,\[/)-D3 (a,\l/) in terms of the constants
of integration become

D0 = S (36)

(37)

sin2 1/'- 7) + 3(K2]sma+K2]cosbt)sm\l/cos\l/

+ 3(K22sin 2a+K'22cos 2a)cos (38)

x (5 sin2\I/-

(39)

where L0 to L3 and S0 to S3 are obtained by differentiating
with respect to a and \[/9 respectively, in accordinace with Eqs.
(16) and (17).

For most bodies of interest, the previous equations simplify
further; for example, if the area S is the whole body surface,
then Ap =0. Also, if the body has a vertical plane of sym-
metry Dp is an even function of \l/ and

&2i = K21 = K30 = K32 = K32 = 0

and if there is a horizontal plane of symmetry

K21 = K22 = K31 = K32 = K33 = 0

(40)

(41)

Evaluation of the remaining constants of integration requires
calculation of the forces at some convenient orientations. This
is demonstrated for particular examples in Sec. III.

III. Some Results for Axisymmetric
Segments and Rotating Bodies

To find the forces on a body by the method developed here,
it is necessary to determine the values ofDp, Lp , and Sp in the
expressions of Eqs. (7, 9, and 11) for sufficient terms such
that Eqs. (1) and (2) give an adequate description of the mean
streamwise and transverse momentum transfer of the
molecules. For most gas-surface interactions, four terms are
sufficient to describe Mv and M , , so as an example we derive
D0—D3 (and the appropriate Lp and Sp values) for any
axisymmetric segment (see Fig. 6). In this case, the constants
of integration are based on the calculated values of Dp and Lp
at a = \// = 0. These are

Dp(0,0)=<t>0\x
(42)

(43)

where <t>0 is the included angle of the segment, that is 4>0=2'K
for an axisymmetric body.

Fig. 6 An axisymmetric
segment.



NOVEMBER 1975 FORCES ON CONVEX BODIES IN FREE MOLECULAR FLOW 1457

These integrals must be evaluated for the particular axisym-
metric profile R =R ( x ) . For a cone segment of semiangle 0C
when R =x tan0c they become

(44)

Lp(0,0)=sm(<t>0/2)(smec)t>-1cotec(R2
b-R2

0) (45)

= cos \l/ [3B si cos2\I/ —

From Eqs. (36) and (42) we have

D0=S=D0 (0,0) (46)

and from Eqs. (33) and (37), noting the symmetry about \l/ = 0,
we have

j =Ap =A sinacos\l/+B cose* cos\//

where

A =2 sin(</>0/2) \ R dx=L}(0,
JXQ

0)

B=y2<t>0(R2
b-R2

0)=Di(0,0)

(47)

(48)

(49)

Expressions for L} and Sj are obtained from Z)y using Eqs.
(16) and (17) i.e.,

Lj =A coscv — B sine*

Sj =A sine* sin\l/+B cosa sin\!/

ForZ)2,Eq. (3 8) gives

D2 (oL,\l/) = V2K20 (3sin2\l/-l) +3(K22sin 2a

(50)

(51)

with

L2

=3 si

=3 cos\l/(K22cos 2a-K22sin 2 a)

in 2a+K22cos 2a-

(52)

(53)

(54)

Substituting a = \1/ = 0 in Eqs. (52) and (53) and using also

Rdx
D2(90,0)=V2(<t>0

0 U+R'2)

(S-D2(0,0))

2\ ¥2

the constants of integration can be expressed as

K20 = V2[S-D2(0,0)] [l-(sin<t>0)/<t>0]-S/3

K22=V3L2(0,0)

K22=-(S-D2(0,0)]

(55)

(56)

(57)

(58)

Similarly, when/? = 3, we can solve Eq. (23) with D} given by
Eq. (47) to obtain (as in Ref. 1)

D3=K sine* + 7 cose* + X sin 3a + \i cos 3a (59)

L3 = (ViKCOSa— 1/37sinc*-f X cos 3a — jusin3ce)seci/' (60)

(61)
where

[3A si cos2\l/ — 4) ]

with

Ko — [ (1 ~ 3 (0,0)

Then for any axisymmetric segment, the drag is given
function of a. and ^ from Eq. (7) and the values of Dp by

(63)

(64)

(65)

(66)

(67)

(68)

(69)

as a

4- { NjA +3N3Asm2\/s+N3K0(5cos2}I/-4) jcos^sino;

+ {NjB + 3N3Bsin2\I/+N3y0(5cos2\!;-4) jcos^coso:

+ 3K22N2cos2 \I/sin2a+3K22N2cos2 \l/cos 2a

+N3\0cos3\!/sin 3a + N3[jL0cos3\l/ cos 3 a. (70)

where K'20,K22,K22, K0fy0, \0, ̂ 0 are given in terms of Dp
(0,0) and Lp (0,0) by Eqs. (56-58) and (66-69), respectively.
The lift and side force are given similarly from Lp and Sp
using Eqs. (9) and (1 1).

For an unyawed axisymmetric segment, or for an axisym-
metric body where the angle a is redefined to be the angle be-
tween the axis of symmetry and the wind direction (i;), Eq.
(70) becomes on putting \l/ = 0

D(a) = (N0S+N2S/3-N2K'20/2) + (NjA +N3K0)sma

2oi + 3N2K'22cos 2a

(62)

3 a (71)

Applying axisymmetric symmetry conditions and (f>0 = 2Tr to
the parameters, this equation becomes simply

D(a) = (N0S + N2S/4 + N2D2 (0,0) /4)

+ (N1B+3N3B/8+3N3D3(0,0)/8)cosa

+ N2(3D2(0,0)/4-S/4)cos2a

+N3 (5D3 (0,0)/8-3B/8)cos 3a (72)

where S=D0(Q,0)9 B=Dj (0,0), and Dp (0,0) is given by Eq.
(42) with 4>0 =27r. The lift may similarly be derived from Eqs.
(50, 53, and 60) to be

L(a) = -(T1B+T3B/8+T3D3(0,0)/8)sina

+ T2 (S/4-3D2 (0,0)/4)sin 2a

+ T3(3B/8-5D3(0,0)/8)sm3a (73)

These equations give the forces on any axisymmetric body at
any incidence when the momentum transfer at the surface
may be described by Eqs . ( 1 ) and (2) with p < 3 .

If the forces on a body are available for any orientation,
then we may consider the average forces on the body for slow
rotations or oscillations. In free molecular flow, as the forces
and moments must be expected to be small compared with the
inertia of the body, we may expect an unconstrained body to
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rotate or tumble with nearly constant angular velocity about
some axis. Let this axis of rotation make angles \ and f with
the axes of symmetry (e1) and the wind direction ( V ) respec-
tively. Then the average drag of a tumbling body is given by

<D>= ——

where

d/3

sinf cos/3

(74)

(75)
Thus, using Eq. (72), the drag of any slowly tumbling axisym-
metric body is given by

= [N0S + N2S/2-N2D2(0,0)/2]

jB + 3N3B/2-3N3D3(0,0)/2]cosx cosf

2 [3D2 (0,0) 12 -5/2] cos2

+N3[5D3( 0,0) /2-3B/2] cos

+ sin2x sm2£(N2[3D2(0,0)/4-S/4]

+ 3N3[5D3(0,0)/4-3B/4]cosx (76)

Consider, for example, the rocket shaped body shown in
Fig. 7 rotating about the axis indicated (x = f =90°). For this
body 5=15.92 B = Q, D2 (0,0) = 1.34, and D3 (0,0)= -0.88
giving

<£>> = 15.92 N0 + 4.32 N2 (77)

Then, the incident molecules in a free molecular flow with
s = l give a drag of 4.48 M0 for this rotating body. At S = 6,
which is typical of satellite conditions if 0.08 + 0.5 cos<5
+ 0.42 cos26 is used as a description of MV/M0, the drag is
given by 3.1 M0. However, to obtain a reliable value, a better
approximation to Mv is required. In the following section, by
restricting the region of integration to cos6>0, a more ac-
curate value is found to be 3.39 M0.

IV. Forces on Forward Facing Surfaces
For s>l, nearly all the contribution to the forces acting on

the body comes from the stream wise facing surface (cos6>0).

Fig. 7 A rocket-shaped
body.

O 20° 40° 60° 30° c*° i2oft IkO0 160° ISCf

Fig. 8 Wetted area (D0) for cones of unit base area.

Hence, the significant error involved in using only 3 or 4 terms
of Eq. (1) when s is large, may be reduced by restricting the
region of integration to cos5>0. The disadvantage of this ap-
proach is that the surface of integration varies with a and ^
and new values of Ip must be derived for the particular ex-
pressions of S(ct,\I/) and Ap (a,\I/). However, for axisym-
metric bodies, we can adapt the previously derived equations
by describing the body as a number of cone sections. Con-
sider, for example, the rocket shape shown in Fig. 7. This can

O 2o* 40° 60° 3o° oc° iio° /go-
Fig. 9 Streamwise projected area (/>/ ) for cones of unit base area.

Fig. 10 D2 for cones of unit base area.

0° 20° 40" 40' 80° o(0 IZO° l/t,o' I to* 130°
Fig. 11 D3 for cones of unit base area.
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Fig. 12 Average values of D0, D]f D2, and /)? from Figs. 8-11.

be considered as three cone sections with 0C equal to 20°, 0°,
and 90°. The forces on this body may be obtained by adding
their contributions, that is for the body of Fig. 7, where Dp
(oi,6c) represents the cone value

Dp=Dp(a,200)+3Dp(ct,00)+Dp(1800-ot,90*) (78)

The cone Dp values at any incidence a, can be obtained
from the axisymmetric segment values of the previous section
by putting </>0 equal to 2ir for a< 0C, 2 cos"1 (tan 0c/tan<x) for
0c<a<7r-0c , and 0 for of>7r-0c . That isDp (a,0c) is given
by Eq. (71), where the parameters are given by Eqs. (44, 45,
48, 49, 56-58, and 66-69), with the appropriate values of </>0.
The values of D0-D4 for cones with unit base area are shown
in Figs. 8-11. Also shown are values for a cylinder of unit
cross-sectional area and length equal to the diameter. The
drag of the body shown in Fig. 7 may then easily be calculated
for any a using Eq. (78) and Figs. 8-11. For example, at 30°
incidence

D = 8.09N0 + 2.88 Nj + L34N2 + 0.69 N3 (79)
The summation method used to calculate the drag of an

axisymmetric body at fixed a, may also be applied to a
rotating body. For the case x = f = 90° , the value of (Dp (0C ) >
is the average value of Dp(a), shown in Figs. 8-11. This is
shown plotted in Fig. 12, where the drag of the body in Fig. 7
rotating about the axis shown is given by

<£>> = 7.96 N0 +3. 39 TV, +2.16 N2 + 1.58 N3 (80)

To obtain the drag associated with the incident molecules
when 5 is large, we put Nj =M0 in Eq. (80) to give <Z)> =3.39

V. Conclusions
Techniques which have been developed1'7 to find the forces

on bodies when the surface pressure is given by Newtonian

theory (Cpct cos26), are generalized to find the forces on
bodies when the local pressure and shear forces are any func-
tion of the surface inclination. These generalized techniques
are applied to the free molecular flow past convex bodies, and
expressions for the forces are obtained in terms of parameters
of the gas-surface interaction and functions Dn which are
solutions of Poisson's equation. For rigid bodies, these
solutions are analytic functions of the body incidence and yaw
containing constants of integration which need to be deter-
mined from the shape of the body. For axisymmetric body
segments the constants of integration are found in a simple
general form.

The derived expressions for the forces in free molecular
flow form a convenient way of evaluating the forces for a
wide range of conditions, and act as a powerful tool for
solving problems involving the forces. Of particular
significance in the latter case, is the separation of the ex-
pression into body shape parameters, gas-surface interaction
parameters and functions of the body orientation. An exam-
ple is presented in which an expression for the average drag of
any slowly tumbling axisymmetric body is derived.

When the speed ratio of the mean molecular motion to the
thermal motion is large, it is found that more than 3 or 4
terms are required to represent the local variation of the sur-
face forces with surface inclination. The algebraic complexity
associated with including more terms can be avoided,
however, by neglecting the relatively small thermal motion of
the molecules. The surface to be considered is then the
"front" surface of the body, that being the only surface ex-
posed to the flow. A disadvantage of this flow model sim-
plification is that the exposed surface of the body is a function
of the body orientation, and Dn cannot necessarily be found
analytically. It is successfully used however to find the drag of
a rotating rocket shape at satellite velocities.
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